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Category | Type of support | Symbaolic representation Reactons MNumber of unknowns

1
The reacton force B acts
perpendicular to the supporting
surface and may be directed either
into or away from the structure,
The magmtude of & 15 the
unknown.

Roller

1
The reaction foroe K acts in the
direction of the lmk and may be
directed aither into or away from
the structure, The magnitude of 8 15
the unknoan.

Link

2
The reacton force & may act in any
directon. & 1s usually convenient to
represent B by its rectangular
components, Ry and &,. The
magnitudes of A, and K are the
two unknoeams,

11 Hinge

3
The reactons consist of two force
components R, and K, and a
couple of moment M. The
magnitudes of K, &, and M are
the three unknowns,

1 Fixed

AG 33 Types of Supports for Plane Structures
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Y. Fe=0 3. F,=0 3. F=0
.M, =0 M, =0 SM. =0

For plane structures, the equations of equhbriom are expressed as
VF,=0 YF=0 YM=0

Sldy Yoo °

o=FE¢
E = Youngs Modulus or
Modulus of Elasticity
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Stress & Strain: Axial Loading
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= stress

= normal strain
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Stress-Strain Test g o — g _guslof

Fig. 2.8 Test specimen with tensile load.

Fig. 2.7 This machine is used to test tensile test specimens, such as those
shown in this chapter.
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Stress-Strain Diagram: Ductile
Materials
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Stress-Strain Diagram: Brittle Materials
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Fig. 2.11 Stress-strain diagram for a typical

brittle material.
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Hooke’s Law: Modulus of Elasticity
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Fig. 2.15 Siress-strain characteristics for mild steel subjected

to reverse loading.
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Oy, tension |- — — — — — Rupture, tension

Linear elastic range

O, compression

Fig. 2.9 Stress-strain diagram for concrete.
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Isotropic hardening

initial yield stress
stress

+ new yield stress 1

new yield stress 2

strain

unloading

- new yield stress 1

et a1 T,E'-";H_f'mh




Jozvebama.ir

Soilaisns g

Kinematic hardening

initial yield stress

/stress
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+ new yield stress 1
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Number of completely reversed cycles
Fig. 2.21
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.
Fatigue

Fatigue properties are shown
on S-N diagrams.

A member may fail due to
fatigue at stress levels
significantly below the ultimate
strength if subjected to many
loading cycles.

When the stress is reduced
below the endurance limit,
fatigue failures do not occur for
any number of cycles.

-19
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A bar AB of length L and uniform cross section is attached to rigid sup-
ports at A and B before being loaded. What are the stresses in portions
AC and BC due to the application of a load P at point C (Fig. 2.22a)?

Drawing the free-body diagram of the bar (Fig. 2.22b), we obtain R,
the equilibrium equation ANy i
Ry + Ry = P (2.14) j
Ly
Since this equation is not sufficient to determine the two unknown reac- G | Gl
tions R, and Ry, the problem is statically indeterminate. L ‘ '
However, the reactions may be determined if we observe from the Ly
geometry that the total elongation 8 of the bar must be zero. Denoting P l P
by 8, and &, respectively, the elongations of the portions AC and BC, we . B
write B A& T
R
8=86,+8=0 »
or, expressing 8, and &, in terms of the corresponding internal forces P, (a) (6)
and Py: Fig. 2.22
P\L Ps L.
f=——+—2=0 (2.15)
AE AE

But we note from the free-body diagrams shown respectively in parts b

and ¢ of Fig. 2.23 that P; = Ry and P, = —Rjp. Carrying these values into
(2.13), we write

R,L, — RgL; = O (2.16) G

(a)

Equations (2.14) and (2.16) can be solved simultaneously for Ry and Rpg; l
we obtain Ry = PLy/L and R = PL,/L. The desired stresses oy in AC
and o3 in BC are obtained by dividing, respectively, P, = R4 and Py =
—Ry by the cross-sectional area of the bar: T

PL, PL,

o) = g = ===

AL ¥ AL Fig. 2.23
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A—ﬁ—

c 2 y i
A =250 mm—___ |

300 kN 150 mm
C &

A =400 mm%._H_ 150 mm
‘_

600 kN | 1530 mm

300 kN

150 mm

ol ks Sy (09

s o
sl uj‘ﬁJ °

Structures for which internal forces and reactions
cannot be determined from statics alone are said
to be statically indeterminate.

A structure will be statically indeterminate
whenever it is held by more supports than
are required to maintain its equilibrium.

Redundant reactions are replaced with
unknown loads which along with the other
loads must produce compatible deformations.

Deformations due to actual loads and redundant
reactions are determined separately and then
added or superposed.

5:5L+5R =0
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Superposition Method. We observe that a structure is statically
indeterminate whenever it is held by more supports than are required
to maintain its equilibrium. This results in more unknown reactions
than available equilibrium equations. It is often found convenient to
designate one of the reactions as redundant and to eliminate the
corresponding support. Since the stated conditions of the problem
cannot be arbitrarily changed, the redundant reaction must be main-
tained in the solution. But it will be treated as an unknown load that,
together with the other loads, must produce deformations that are
compatible with the original constraints. The actual solution of the
problem is carried out by considering separately the deformations
caused by the given loads and by the redundant reaction, and by
adding—or superposing—the results obtained.

et a1 T,ﬁ:ﬂ-_ﬁym
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Example 2.04

LB 9
A=250mm—__ | 150 mm

300 kN 150 mm
C —

A =400 mm%._H_ 150 mm
‘_

600 kN | 150 mm

300 kN

Determine the reactions at A and B for the steel
bar and loading shown, assuming a close fit at
both supports before the loads are applied.

SOLUTION:

* Consider the reaction at B as redundant,
release the bar from that support, and solve for
the displacement at B due to the applied loads.

» Solve for the displacement at B due to the
redundant reaction at B.

* Require that the displacements due to the loads
and due to the redundant reaction be
compatible, 1.e., require that their sum be zero.

* Solve for the reaction at A due to applied loads
and the reaction found at B.

- 24
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Example 2.04

150 mm

150 mm

150 mm

mim

mim

e ,__,_:-T‘_.i.a!,,:_;h,;‘.'nwlﬂ'r;h?“:_,fkifr;

SOLUTION:

» Solve for the displacement at B due to the applied
loads with the redundant constraint released,

B =0 P =P =600x10°N P; =900x10°N
A=Ay =400x107°m? A4 = 4, =250x10"%m?
L1=L2=L3=L4=0.150m

PL  1.125x10°
T AE, E

* Solve for the displacement at B due to the redundant
constraint,
R=P=-Rp
A =400x10"°m? 4, =250x107%m?
Ll = L2 =0.300m

PL; (1.95><103 )RB
T AE; E
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Example 2.04

* Require that the displacements due to the loads and due to
the redundant reaction be compatible,

5=5L+5R =0

9 3
_ 1.125x10 _(1.95><10 R o
E E

o

Rp =577x10°N =577 kN

* Find the reaction at A due to the loads and the reaction at
B F,=0=R,-300kN-600kN+577kN

R, =323kN

R, =323kN
Rp =577kN

e i ,__,_:-T‘_.i.a!,.:_,h,;‘fnwlﬂ'r;h?“:_,fkifr;
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P

EH&* LA“ A
Fig. 2.18 Deformation of axially
loaded member of variable cross-

sectional area.

P ] 1 =1 - ‘. o
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Deformations Under Axial Loading

From Hooke’s Law:

o=F¢ g=2 = .
E AE
From the definition of strain:
g=?
L
Equating and solving for the deformation,
PL
§=-—
AE

With variations in loading, cross-section
or material }iroperties,
iLi

P
5=y titi
i AE;
P dx
dd = edx = -
AE
5= L p dx
AE

0

-27
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Example 2.01

30 kips

75 kips 45 kips

. N o TR
o ) 1m.
" 12, 12in. |

E =29x10 % psi
D=1.07in. d =0.618in.

Determine the deformation
of the steel rod shown under
the given loads.

P ] 1 =1 - ‘. o
e i ,_‘__-_..-‘:"-.’:-!I._-_.;I_-I'.‘.n’u-'l,rl_. |_'|E"II:1:—"_‘-I"'.'-.-"|;.-'.-

SOLUTION:

Divide the rod into components at
the load application points.

Apply a free-body analysis on
each component to determine the
internal force

Evaluate the total of the component
deflections.

-28
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SOLUTION:

» Divide the rod into
three components:

60

E: 30 kips

b)

|

!

| s fuitl

! 30 kips
: D

30 kips

D

o 30 kips
£ T I\'i[)s 45 |<ips

f;'f,;;}:fl:l,;‘-'ﬂ'"rlalr - dem e

* Apply free-body analysis to each
component to determine internal forces,

B =60x10’1b
P =-15x10’1b

P, =30x10°1b

» Evaluate total deflection,

L 1(1’114 LBl +1’3L3J

5:2—:—
i AE E\ 4 A A4

o |:(60x103)12+(—15><103)12+(30x103)16
T 29x10°| 0.9 0.9 0.3

—75.9x10 3in.

5=759%1077 in.

|

-29
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Sample Problem 2.1

L—-L—— 0.4 m J

02m

The rigid bar BDE is supported by two
links ABand CD.

Link ABis made of aluminum (£= 70 GPa)
and has a cross-sectional area of 500
mm?. Link CDis made of steel (£=200
GPa) and has a cross-sectional area of
(600 mm?2).

For the 30-kN force shown, determine
the deflection a) of B, b) of D, and c) of £

| = p— ‘.I' &
e e X o s

SOLUTION:

» Apply a free-body analysis to the
bar BDE to find the forces exerted
by links ABand DC.

» Evaluate the deformation of links
ABand DC or the displacements of
Band D.

»  Work out the geometry to find the
deflection at E given the
deflections at B and D.

-30
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Sample Problem 2.1

SOLUTION:
Free body: Bar BDE

30 kN

S Mg =0
0=—(30kNx0.6m)+ Fpx0.2m
Fep =+90kN  tension

> Mp =0
0=-(30kNx0.4m)-F 5x0.2m

F4p =—60kN compression

Sl e T

Displacement of B:

T PL
F'.n= 60 KN
\B 5 -
B 4E
3
N s (— 60x10 NXO.3 m)
e TR 50010 m? |70x10° Pa
= -514x10 °m
F s = 60kN
55 =0.514mm7T
Displacement of D
Fp = 90 kN _PrL
D= 4E
~ (90><103NX0.4m)
| 250em  (600x107° m? J200x10° Pa)
. =300x10"%m
Fipn =90 kN

Sp =0.300mm
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Sample Problem 2.1

Displacement of D:

BB BH

DD’ HD

0.514mm (200 mm)-x
0.300mm x

x =73.7mm

EE' _ HE
85 = 0.514 mm DD’ HD
( B’ 85 = 0.300 mm
3 g (400+73.7)mm
B| 0.300 mm 73.7 mm
op =1.928 mm
(200 mm —x) )
Lm0 mm — Sp =1.928mm

e s ST
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Poisson’s Ratio

» For a slender bar subjected to axial loading:

Ex = E o) y =0, = 0

» The elongation in the x-direction is
accompanied by a contraction in the other
directions. Assuming that the material is
isotropic (no directional dependence),

e, =&, %20

y

 Poisson’s ratio is defined as

_|lateralstrain) €, ¢,

axial strain Ex Ex
T, Vo,
E = &= &= = —
E 2 E

| = p— ‘J’ 5
e e B | o el
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Shearing Strain

* A cubic element subjected to a shear stress will deform into a rhomboid.

l The corresponding shear strain is quantified in terms of the change in
angle between the sides,
+ ¥y Tiyx
a

/\ Ty = fy)

» A plot of shear stress vs. shear strain is similar the previous plots of normal
stress vs. normal strain except that the strength values are approximately half.
For small strains,

2-xy:nyy TyZ:nyz Tx =Gy,

/ \ where G 'is the modulus of rigidity or shear modulus.

X
Y i 1

xy
\% _Try \/ “.—"'_' %yw

Toy = Gy

1 o 5 . .
,_I_,_.-:'..__;!_,__;Hb_."-_u-ﬂ_-'__ |_..E""_._'-'_.|-r Ll Fig. 2.44 Fig. 2.45
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Generalized Hooke’s Law

For an element subjected to multi-axial
loading, the normal strain components resulting
from the stress components may be determined
from the principle of superposition. This
requires:

1) strain is linearly related to stress
2) deformations are small
With these restrictions:

E =+—>— —
E E E
vo, Oy vo
gy — X Yy z
E E E
vo, VO, o
£, =— x _ Y 42z
E E E
Ty Ty _ Tx
yty G Yy: - G VYx = e
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Dilatation/Compression: Bulk Modulus

H » Relative to the unstressed state, the change in volume is
e= 1—[(1+gx)(1+gyX1+gZ)J: 1—[1+gx +é&), +5ZJ

=& téEyte;

_1-2v

(O'x+O' +0'Z)

y
= dilatation (change in volume per unit volume)

» For element subjected to uniform hydrostatic
pressure, e=—p 3(1-2v)  p

E k

= bulk modulus

» Subjected to uniform pressure, dilatation must be

negative, therefore

1
O<V<2

| p— ..l'
S [ My X 4, R § e
'-I-"."-Il';.".h IJ'.__".FI.-I.- I-E‘ﬂ. —'.__" .':'"u—.-







